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Abstract— Hyper-heuristics are high level search method-
ologies that operate over a set of heuristics which operate
directly on the problem domain. In one of the hyper-heuristic
frameworks, the goal is automating the process of selecting a
human-designed low level heuristic at each step to construct a
solution for a given problem. Constraint Satisfaction Problems
(CSP) are well know NP complete problems. In this study,
behaviours of two variable ordering heuristics Max-Conflicts
(MXC) and Saturation Degree (SD) with respect to various
combinations of constraint density and tightness values are
investigated in depth over a set of random CSP instances.
The empirical results show that the performance of these
two heuristics are somewhat complementary and they vary
for changing constraint density and tightness value pairs. The
outcome is used to design three hyper-heuristics using MXC
and SD as low level heuristics to construct a solution for unseen
CSP instances. It has been observed that these hyper-heuristics
improve the performance of individual low level heuristics even
further in terms of mean consistency checks for some CSP
instances.

I. INTRODUCTION

Hyper-heuristics are high level methods that attempt to
learn and exploit patterns within the relative effectiveness of
different heuristics. Hence, before attempting to use them is it
reasonable to ask: “Can we first demonstrate and understand
that there is something that hyperheuristics have a chance
of learning and exploiting?”. In this paper, we directly look
for such ‘exploitable patterns’. We do this in the context of
random CSP problems, though of course we hope that the
results will ultimately have wider applicability.

The general Constraint Satisfaction Problem (CSP) can be
defined by a set of variables X, where each variable can get
a value from a corresponding domain D subject to a set of
constraints C' [44]. Solving a CSP requires a search for the
values for each variable in such a way that their assignments
do not violate any given constraint [14]. CSPs belong to
the NP-Complete class [23] and there is a wide range of
theoretical and practical applications (see for example [32],
[29], [18]).
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As a classic search problem, a CSP is usually solved
using a Depth Search Tree (DFS) [41] where every variable
represents a node in the tree. Every time a variable is instan-
tiated, the constraints must be checked to verify that none
of them are violated. When an assignment is in conflict with
one or more constraints, the instantiation must be undone,
and another value must be considered for that variable. If
there are not any values available, the value of a previously
instantiated variable must be changed. One of the well
known techniques is backtracking. This technique always
goes up a single level in the search tree while all values
for a variable have been tested. Backjumping is another
powerful technique for retracting and modifying the value
of a previously instantiated variable. Backjumping increases
efficiency and cuts the search space by going up more levels
in the search tree. Another way to reduce the search space
is using constraint propagation. With constraint propagation
the idea is to propagate the effect of one instantiation to
the rest of the variables due to the constraints among the
variables. Thus, every time a variable is instantiated, the
values of the other variables that are not allowed because of
the current instantiation are removed. Because of this, only
allowed values for the variables remain.

When solving a CSP, the order in which the variables
are instantiated, and the order in which the values for those
variables are selected affects the complexity of the search
[38]. This ordering is done via a dynamic fashion where the
order of the variables is formed through the search based on
some criteria over the features of the remaining uninstanti-
ated variables. In this study, we used two well known variable
ordering heuristics: Max-Conflicts and Saturation Degree [9].
It is important to recall that none of these heuristics has
been proven to be more efficient than the other one for CSP
instances. We also use Min-Conflicts [30] as value ordering
heuristic to improve the performance of the system.

There is a relation between the structure of CSP and
the difficulty of solving them with search algorithms [11].
Specifically, the median search cost of many search al-
gorithms for CSP exhibits a sharp peak as a structural
parameter is varied. This peak coincides with the transition
from under-constrained to over-constrained instances, often
manifested as an abrupt change in the probability that an
instance has a solution. This peak corresponds approximately
to the value of py at which half the problems are insoluble
and half are soluble, the point referred to by Crawford
and Auton as the crossover point [12]. Inside this region,
the most difficult soluble problems and the most difficult
insoluble problems co-exist [42]. For larger values of po, as



problems become uniformly insoluble, the fall in the median
consistency checks is much more gradual, and it is an over-
simplification to describe this side of the phase transition as a
region of easy problems [42]. Although it does become easy
to prove insolubility for ps close to 1, many of the problems
in this region are easy only by comparison with the insoluble
problems occurring in the phase transition [42].

Hyper-heuristics are methods that attempt to learn and
exploit ‘patterns’ and regularities in the relative effectiveness
of different heuristics. For example, that relative effectiveness
differ in some non-trivial fashion depending on the problem
characteristics. It is essential for this that there really is some
such non-trivial pattern to be learned. A trivial pattern would
be ‘noise’ putting the hyper-heuristic in danger of trying to
learn non-statistically significant patterns that will not gen-
eralise. Another trivial pattern would be total dominance, in
which case a heuristic might simply be omitted. In this paper,
we show an example, of such a non-trivial pattern of relative
effectiveness of two heuristics, and some preliminary work
on how a hyper-heuristic might exploit it. Our intention is
that it will also lead to more focussed work on understanding
how and why the effectiveness of heuristics vary with the
problem instance characteristics.

Section II presents a brief description about hyper-
heuristics and their applications to CSP in previous studies.
Section III describes the heuristics used in our CSP solver.
The preliminary experiments about the heuristics are pre-
sented in Section IV. In Section V we present the main ex-
periments related to the construction of the hyper-heuristics
and the results obtained. Finally, Section VI presents the
conclusion and future work.

II. HYPER-HEURISTICS

Hyper-heuristics are identified as the methodologies that
search the space generated by a set of low level heuristics
for solving computationally hard problems. Hyper-heuristic
terminology was first introduced by Denzinger et al. [15]
in 1997, however the idea of combining strengths of mul-
tiple heuristics goes back to 1960s ([17], [13]). Previous
surveys on hyper-heuristic methodologies can be found in
[51, [40], [10] and [7]. There are many other related studies
on adaptive intelligent search methodologies. For example,
reactive search embeds machine learning techniques into
search heuristics for self-tuning of operating parameters
[1], [2]. Algorithm portfolios attempt to allocate a period
for running a chosen algorithm from a set of algorithms
in a time-sharing environment [26], [22]. There is also a
growing interest in adaptive memetic algorithms [27], [34]
that utilise a co-evolutionary framework for parameter tuning
and operator selection.

Hyper-heuristics can be divided into two main classes:
methodologies that select or genmerate heuristics. More on
the classification of hyper-heuristics can be found in [10] and
[8]. Burke et al. [6] provides an overview of the latter type
of hyper-heuristics. As representative studies on the hyper-
heuristic methodologies to generate heuristics, Dimopoulos
and Zalzala evolve priority dispatching rules for the single

machine scheduling problem in [16], while Fukunaga uses
genetic programming as an automated heuristic discovery
system for the SAT problem ([19], [20], [21]). On the
other hand, most of the hyper-heuristic methodologies to
select low level heuristics are based on a similar iterative
framework in which the search is performed in two suc-
cessive stages: heuristic selection and move acceptance. A
low level heuristic can be perturbative or constructive. A
perturbation heuristic operates on a complete solution and
modifies it for improvement, whereas a construction heuristic
incrementally builds a complete solution. Ozcan et al. [36]
and Bilgin et al. [3] provide the details of some selection
hyper-heuristics based on perturbation low level heuristics.
As an example, Nareyek [33] uses a selection hyper-heuristic
that combines reinforcement learning as a heuristic selection
method and accepts all moves. The solution methodology in
this study is based on a CSP solver (DragonBreath engine)
which chooses a neighbourhood for a given constraint. The
selection of the neighbourhood is performed through online
learnt utility values for each low level heuristic. One of the
recent studies that attempts to test the level of generality
of a hyper-heuristic is provided in [37] over different types
of vehicle routing problems. The authors employ a hyper-
heuristic which is based on a variant reinforcement learning
heuristic selection mechanism combined with simulated an-
nealing move acceptance.

In this study, our focus will be on the hyper-heuristic
methods that select construction low level heuristics. The pre-
viously proposed hyper-heuristics applied for CSP are meta-
heuristics as seen on the hyper-heuristic approach presented
by Terashima-Marin et al. [43], who proposed an evolution-
ary framework to generate hyper-heuristics for variable or-
dering in CSP. A genetic algorithm has the task to create the
rules for the application of the variable ordering heuristics.
LaTorre et al. [28] have also applied a genetic algorithm
to solve combinatorial problems with promising results. An
attempt to extend the results presented by Terashima et al.
[43] was done by Ortiz et al. [35], where a second stage
to the evolutionary model is incorporated by using a neural
network module.

The solution approach presented in this study, can be
explained as follows: (1) First we solved many instances
with different features and obtained data about how good
each of the heuristics was for every instance.(2) We used
that information to generate a hyper-heuristic that decides
which heuristic to apply and iteratively construct a solution
to the instances. As we can see, there is a training stage
where the information is gathered and a second stage where
the information from stage 1 is used.

III. CONSTRUCTING A SOLUTION TO A CSP

A solution for a given CSP is constructed iteratively
based on two variable ordering heuristics: Max-Conflict and
Saturation Degree. Each one of these heuristics reorder the
variables to be instantiated dynamically at each step during
the construction process. A value among valid values must be
selected and assigned to the chosen variable considering the



constraints. These values are also ordered using Min-Conflict
heuristic. A CSP solver is implemented that makes use
of constraint propagation and backjumping. The heuristics
used in this system are briefly explained in the following
subsections.

1) Max-Conflict (MXC): The Max-Conflict heuristic is
very simple, and the main idea is to select the variable
that is involved in the larger number of conflicts among the
constraints in the instance. This instantiation will produce a
subproblem that minimises the number of conflicts among
the variables left to instantiate. This heuristic is a variation
of the Min-Conflicts heuristic for value ordering [30], [31],
but it was adapted to work for variable ordering and provides
the benefit of being very easy to implement and fast to be
executed.

2) Saturation degree (SD): The Saturation Degree heuris-
tic has been more frequently used for graph colouring, but
it is possible to adapt it for being applied to the variable
ordering problem in general CSP. The degree of a node is
defined as the number of nodes adjacent to it. Thus, the
saturation degree of a node is the number of adjacent nodes
that have already been instantiated. In this way, the idea of
the saturation degree heuristic is to take an advantage of
the topology of the constraint graph to select the variable
which participates in the larger number of constraints with
instantiated variables [41]. In other words, this heuristic uses
information from the constraint graph to select the most
restricted variable with instantiated variables.

We have also investigated other heuristics like Mini-
mum Remaining Values (MRV), Most Constrained Variable
(MCV), Rho, E(N) and Kappa (see for example [25], [24]);
but in this paper we have focussed on just the two that we
previously mentioned: MXC and SD, not because they are
necessarily the absolutely best choices, but because they are
simple and illustrate most clearly the patterns that can occur.
We intend to give a more complete study in future work.

With regard to the value ordering, we have included Min-
Conflicts to our solver. The Min-conflicts heuristic prefers
the value involved in the minimum number of conflicts.
This heuristic is trying to leave the maximum flexibility
for subsequent variable assignments. If we select the value
that is involved in the minimum number of conflicts, we
can suppose that the resulting subproblem will have more
solutions than the other subproblems.

IV. PRELIMINARY EXPERIMENTS WITH ORDERING
HEURISTICS

The binary CSP instances for the experiments are ran-
domly generated in two stages. In the first stage, a constraint
graph G with n nodes is randomly constructed and then,
in the second stage, the incompatibility graph C' is formed
by randomly selecting a set of edges (incompatible pairs of
values) for each edge (constraint) in G. More details on the
framework for problem instance generation can be found
in [39] and [42]. The parameter p; determines how many
constraints exist in a CSP instance and it is called constraint

density, whereas p2 determines how restrictive the constraints
are and it is called constraint tightness.

The number of consistency checks reflecting the search
effort is used as a performance measure in the experiments.
Thus, the smaller the number of consistency checks is, the
better the heuristic is. For the first experiment, we created a
grid of points covering the range [0, 1] for p; and py, with
increments of 0.025. This set of instances is called Set I.
In this way, we obtain a grid of 41 x 41 points. For every
point in the grid we generated 50 random CSP using random
model B where all the constraints are defined in extension
[38]. In this model, there should be exactly pin(n — 1)/2
constraints (rounded to the nearest integer), and for each pair
of constrained variables, the number of inconsistent pairs
of values should be exactly m2p, (where m is the uniform
domain size of the variables). Each instance was generated
containing 20 variables, a uniform domain size of 10 values
and the corresponding values of p; and ps depending on the
position on the grid. For each variable ordering heuristic, we
obtained the mean, the median and the standard deviation of
the consistency checks over the 50 instances of every point on
the grid and then used those values for further analysis. For
the second experiments, we generated 50 random instances
with 25 variables and 12 values in their domains, but only for
the region in the space where p; = po, these last instances
correspond to Set II. Finally, we generated Set III which
contains 50 instances per point in the region of the space
where p; = po. The instances in Set III were generated with
20 variables and 10 values in the domains and were used to
test the hyper-heuristics against each other and the two low
level heuristics.

An Intel Core 2 Duo windows machine having 4 GB of
memory is used during the experiments. The overall time for
generating and solving the problem instances in Set I, IT and
IIT took 498, 20 and approximately 5 minutes, respectively.

A. Mean Consistency Checks

Figure 1 presents the plots of the logarithm base 10 of
the mean consistency checks used per each heuristic when
solving the grid of instances from Set I. It is not clear from
these pictures which heuristic is better in some regions of
the space, for example, close or inside the phase transition.

hlxC sD

density, (p1)

0
ooz 04 06 08 1 0
tightness (p.]

02 04
tightness (p.)

06 08 1

Fig. 1. Plot of the mean consistency checks (with the logarithm given by
the darkness of the pixel) for the instances in Set 1.

If we look into the bottom right part of the plot for SD



we can observe that there is an increment in the number
of consistency checks for some of the points in that area.
Sometimes, SD makes really bad decisions when it deals with
low-constrained instances but with a very high tightness. The
standard deviation in this region of the space, when using SD
is really high and, as the mean is very sensitive to extreme
values, the mean consistency checks for SD at points with
large po and small p,, is very large.

If we observe Figure 1 we can realize that there is a
relation of the hardness peak to the satisfiability threshold.
As is well-known the hardest parts tend to associate with
thresholds, though not all thresholds are hard. The hardness
of a ‘threshold instance’ varies significantly depending on its
location on the threshold.

Using the information of the sample means and the stan-
dard deviations at every point for each heuristic, we were able
to produce a plot where we show the best heuristic for every
point. To decide about the best heuristic, we developed a test
of hypothesis with 5% of significance about the population
means of both heuristics. If there is no statistical evidence
that the population means are different, the point in the space
is plotted using the symbol ‘o’. If the population mean of
MXC is smaller than the population mean of SD, the point is
plotted using a ‘+’. Finally, if the population mean of SD is
smaller than the one for MXC, the point is plotted with the
symbol ‘x’. Figure 2 shows the best heuristic for every point
in the grid based on the statistical analysis of the population
means for every point in the grid.

!

01 02 03 04 06 06 07 0B O
tightness (p)

Fig. 2. Best heuristic for every point in the grid.

In order to have a closer look at what is happening at some
regions of the search space, we decided to present a plot with
the consistency checks used by both MXC and SD for the 50
instances at two different points in the space. Figure 3 shows
the consistency checks of MXC against those of SD for
the point (p2 = 0.25,p; = 0.25). As the previous analysis
expected, the suggests that MXC is a better option for the
instances at this point of the grid. At this point the mean of
consistency checks by MXC is 3174 and the mean for SD is
3749, which means that the mean of consistency checks of
MXC reduces in about 15% the number of consistency check
that SD, in average, requires to solve the instances at the
point(py = 0.25,p; = 0.25). The standard deviation of MXC

is larger than the standard deviation of SD, 1553.81 and
619.91, respectively. The high standard deviation of MXC
occurs because of one isolated instance that required a much
larger number of consistency checks than the rest of the
instances.
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Fig. 3. Consistency checks by MXC and SD at point (0.25, 0.25).

The results for the point (po = 0.70,p; = 0.90) show that
SD is a better option for instances at this point (Figure 4).
The mean of consistency checks done by MXC is 6242 while
the number for SD is 4953. This difference represents a
reduction close to 20% in the mean of consistency checks.
If we observe the standard deviations of consistency checks
done by the two heuristics at point (p; = 0.70,p; = 0.90),
we can observe that MXC has a standard deviation of 2574.9
and SD of 1235.9. This suggests that SD is more reliable
because the number of consistency checks from one instance
to another do not change as much as they do when using
MXC.
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Fig. 4. Consistency checks by MXC and SD at point (0.70,0.90).

It is very important to notice that all the experiments and
tests prove the idea that there is not one single heuristic
capable of solving all the instances and achieve the best
results. For some points in the space, MXC is the best option
while for others, the best option becomes SD. If we are able
to use this information to construct a hyper-heuristic that
correctly selects the best heuristic for each point, we expect
to achieve better results than with the application of one
single heuristic through all the space.



V. EXPERIMENTS AND MAIN RESULTS

This section presents the main results of the research. We
include the constructive process for the hyper-heuristics and
the tests we did to these hyper-heuristics.

A. Behavior of heuristics

To have a clearer picture of the behaviour of the heuristics,
we selected just a slice from the space where p; = po.
From this slice, we plotted the logarithm base 10 of the
mean consistency checks for both heuristics and also the
probability that the each point is satisfiable. Figure 5 shows
in the logarithm base 10 of the mean consistency checks
made by MXC, SD and the probability that an instance at
point p; = po is satisfiable. As we can observe, depending
on the position in the space, the heuristics present a different
behaviour. It is also possible to identify that there are some
points where the heuristic changes from being the best option
to be a not so good choice. At this point we do not have
enough information to conclude about why these changes in
the behaviour take place at those points.
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Fig. 5. Slice in the space where p; = p2 for the instances in Set L.

We also tried larger instances to generate the same plot
and confirm the idea that the changes occur not only for
instances with 20 variables and 10 values. For this new plot
for larger instances, we only generated 50 instances in the
region where p; = po. Every instance contains 25 variables
and a uniform domain size of 12 values. Figure 6 shows the
results of the mean consistency checks for each heuristic at
every point where p; = pa.

It is easy to observe from Figure 6 that the points where
the change in the best heuristic are still present for larger
instances. Once again, we do not have a clear idea about
what is happening at those points that produces the change
in the behaviour of the heuristics that we can see on both
plots. What we can suppose from these pictures is that at
the phase transition there is too much noise and it would be
difficult to decide which heuristic is the best for that region.
Figures 5 and 6 suggest that for small values of tightness
(p2 < 0.27), the best heuristic is MXC; and that for higher
values (p2 > 0.65) the best heuristic is SD.
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Fig. 6. Slice in the space where p; = p2 for the instances in Set II.

B. The hyper-heuristic approach

We have shown that each of the heuristics takes an
advantage of some specific characteristics of the instances.
Thus, a more efficient alternative is to apply a different
heuristic depending on the current instance state and not the
same all over the search.

A first attempt to use the information obtained from the
preliminary experiments to construct a simple static hyper-
heuristic consisted in taking the information from Figure 2
to create a binary decision matrix. This matrix contains a 0
where MXC must be applied and 1 when SD must. This static
hyper-heuristic is called SHH and works as follows: at each
node of the search, we measure the density and the tightness
of the instance at hand and we look into the decision matrix
and select the low level heuristic which is the best option for
that point. We use that heuristic to instantiate one variable of
the instance and the process is repeated for each node in the
search tree until a solution is found. The way we calculate
the density (p;) and the tightness (p2) at each node of the
search is done as follows: p; is estimated as the number of
non empty edges in the constraint graph over the maximum
possible number of edges. It is, if the number of nodes is
n (the number of variables in the instance), the maximum
possible number of edges is given by n x (n — 1)/2. For
p2, we estimate the tightness of each constraint and then
we obtain an average to calculate the tightness of the whole
instance. If a given constraint ¢ between two variables v;
and v, with domains d; and dj, respectively; prohibits r
combinations of values between the two variables, then the
tightness (p2) of that constraint is given by r/(|d;| x |d;]).

Once one variable has been instantiated, the resulting
subproblem is no longer a random instance with the same
distribution of the original instance. In fact, the structure
of this instance could be very different from the original
random instance. If we consider this, it may not be the
best option to have a static decision matrix because the
information to select the low level heuristic during the search
may probably be wrong. This is the reason why a second idea
for a simple hyper-heuristic is needed. This idea consists
of using a probabilistic approach because we think that
a softer roulette-wheel decision is less sensitive to errors



than a 0/1 decision, but this may be confirmed with further
analysis. The idea consists of creating a probability matrix,
where the probability of selecting one heuristic over the
other at every point of the grid depends on the number
of instances that each one proved to be the best option.
Figure 7 shows the probability matrix for the grid of instances
from Set L. It is the probability for an instance at the given
(p1,p2) that MXC will do better than SD, as determined
empirically by taking many instances and simply measuring
which heuristic performs best. It is our intention to use data
such as this to help drive the decisions taken by a hyper-
heuristic. The probability of applying SD is the complement
of the probability of using MXC.
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Fig. 7. Probability plot for the grid of instances in Set I.

For each node in the search, the density and tightness
are calculated for the instance at hand and the variable
ordering heuristic to apply could be selected in two different
ways by using the information contained in this probability
matrix. This gives place to two different probabilistic hyper-
heuristics:

« DHH. A deterministic hyper-heuristic that always ap-
plies the low level heuristic with the highest probability
at the the point of the grid that matches the values of
p1 and po for the instance at the search node. For those
points where the probability of applying MXC is equal
to the probability of applying SD, the selection is made
randomly with 50% of chance for each heuristic.

o PHH. A probabilistic hyper-heuristic that randomly se-
lects the low level heuristic based on the probability
matrix at the the point of the grid that matches the values
of p; and p, for the instance at the search node.

The main difference between these two hyper-heuristics is
that while DHH always selects the heuristic with the highest
probability of achieve the best result, PHH contains a random
decision. In average, PHH should behave as DHH, because
it should select the most of the times the heuristic with the
highest probability, but for specific instances, the results can
be quite different.

These three simple hyper-heuristics were used to solve
unseen instances in the region p; = po corresponding to Set
IIT and compared against MXC and SD on these instances.
Once again, for each point p; = p2 we have 50 instances. The

results are presented in Figure 8. As we can see in Figure 8,
this plot also includes the changes in the best solution method
but now it has more changing points because we have more
methods involved. From this picture it is possible to identify
some interesting behaviours in the hyper-heuristics:
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Fig. 8. Slice in the space where p; = pg for the instances in Set III.

Because we want to have a closer look at the behaviour
of the proposed hyper-heuristics, we have divided the orig-
inal plot shown in Figure 8 into three pictures, each one
containing a specific region of the space. We consider that
these three regions can give us a more clear picture about
the performance of the hyper-heuristics.

Figure 9 shows the results obtained in the range
[0.25,0.35]. As we can see from the picture, PHH tends to
behave as MXC and achieve the best results in the small
values of py but both methods do not perform well for higher
values. The opposite happens with SHH, which starts doing
more consistency checks for small values of po, and as long
as we increase the value of ps, the results improve. DHH
seems to perform as an average of the other methods and is
very reliable for this particular region of the space.
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Fig. 9. Comparison of MXC, SD and the three hyper-heuristics in the
range [0.25,0.35].

As we get close to the phase transition, the peaks in the
mean consistency checks are higher. In Figure 10 we can
observe the results obtained in the range [0.35,0.50], which
contains the phase transition. It is clear that for this region of
the space, the best option is DHH. It is also remarkable, that



SHH also performs really good for these instances because
it is able to beat the best result from both MXC and SD in
this region. PHH is just a little bit better than MXC, but their
means run very close to each other along the space.

In any way, we observe that in Figure 10, around the
phase transition, the hyper-heuristics can reduce the mean
consistency checks by up to a factor of two.This is possible
at all because the choices are made dynamically within the
search tree rather than statically picking the same heuristic
for all nodes. However, it is a good sign that even these
simple hyper-heuristic methods have successfully exploited
this possibility.
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Fig. 10. Comparison of MXC, SD and the three hyper-heuristics in the
range [0.35,0.50].

After the transition phase, in the region where almost all
the instances are unsolvable, we observe a change in the
behaviour of the hyper-heuristics. They all tend to behave as
the low level heuristics. Figure 11 shows the results obtained
in the range [0.50,0.70], and from this picture we can see
that even when DHH is the best method because it achieves
the less mean consistency checks, it starts performing as
MXC once the value of ps = 0.575 is reached. Form that
point on, MXC, PHH and DHH have the same performance.
Something similar happens with SD and SHH, and both
methods start achieving the same results also after po = 0.57.
For po > 0.625, the best option is always to use SD or SHH,
they both perform equally well on those instances. MXC,
DHH and PHH are not a good option for instances with
very large values of p; and ps.

We can see that the three hyper-heuristics have a different
performance depending on the region of the space. This is
something that we expected because none of these heuristics
is able to adapt during the search. The approaches used
until now, only use the information form the runs in the
training set and once the hyper-heuristic is formed is used
without modifying the values in the decision matrix. It is also
important to note that our original idea about SHH, where
we supposed that a static 0/1 decision matrix would be not
as good as a probabilistic approach is not completely right.
SHH seems to be better than PHH for p, > 0.31 (and in
some small regions is even better than DHH). The other
probabilistic hyper-heuristic, DHH, seems to be very good

gt p1=p2

MK

WMean consistency checks

05 052 054 05 058 06 062 064 066 063 07
tightness (p2)

Fig. 11. Comparison of MXC, SD and the three hyper-heuristics in the
range [0.50,0.70].

and beat SHH and the other methods in most of the space,
but it also presents problems when dealing with high values

of p2.

VI. CONCLUSION

We have shown that it is possible to map a point in the CSP
space defined by constraint density X tightness (p1 X p2) to
a variable ordering heuristic, namely MXC or SD. The idea
that the low level heuristics have a different performance
based on the features of the instances of a given problem
provide us the opportunity of designing a more general
approach, like hyper-heuristics. In this work, we developed
three constructive hyper-heuristics based on the information
obtained while solving some instances using each individual
low level heuristic separately. This information derived from
a set of training problem instances was used later within the
hyper-heuristics in such a way that which heuristic to apply
is decided according to their individual performance. When
used to solve unseen instances, all three offline learning
hyper-heuristics generate acceptable performances. Dynami-
cally deciding which heuristic to select at a node in the search
tree based on constraint density and tightness generates an
improved performance in terms of mean consistency checks
for some problem instances. The described hyper-heuristics
for constraint satisfaction successfully combine the strengths
of each low level construction heuristic, while avoiding their
weaknesses.

As a future work, we are interested in applying these
techniques to instances from CSP libraries and to real in-
stances. We also aim to generate an adaptive hyper-heuristic
which updates the values in the probabilities matrix during
the search process dynamically. This way, the hyper-heuristic
approach will be employing an online learning mechanism
and it is expected to be more general, since it will be able
to adapt to the new features of the instances at hand. It is
also important to consider more variable ordering heuristics
to observe the effects in the distribution of heuristics and the
probability matrix. It will be also interesting to investigate
whether adding more heuristics can improve the overall
performance of the system or not. It might be even possible



to group similar heuristics or combine them to generate new
heuristics.
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